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We investigate the quantized scalar field on the Kaluza-Klein spacetimes of x T'^ x 
Spzi where is the ordinary D dimensional fiat Minkowski spacetimes , T'^ is the d 
dimensional commutative torus, and Spz is a noncommutative fuzzy two sphere with a fixed 
quantized radius. After evaluating the one-loop correction to the spectrum we use the mass- 
corrected term to compute the Casimir energy of the scalar field on the model spacetime. It 
is seen that, for some values of D and c?, the Casimir energy due to vacuum fiuctuation in 
the model spacetimes could give rise a repulsive force to stabilize the commutative torus. 
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1 Introduction 



Casimir effect is the vacuum fluctuation in a non-trivial geometry [1-3]. In the original 
paper [1], the corresponding change in the vacuum electric energy is found to attract the 
two perfectly conducting parallel plates. Appelquist and Chodos [4] have found that the 
attractive Casimir force could render the extra spaces in the Kaluza-Klein unified theory 
[5] to be sufficiently small to be unobserved. Since the attractiveness of the Casimir en- 
ergy will push the size of the extra dimension down to the Planck scale, a natural cutoff 
scale of the linearized gravity was that presumably the dynamics of Planck scale, where the 
nonperturbative quantum gravity sets in, will stabilize the size of the extra dimensions. 

In the string/M theory [6-9], a new available scale, noncommutativity 9ij, is found to 
be able to stabilize the size of the extra noncommutative spaces [10-12]. In the paper [10] 
Nam has tried to use the noncommutativity as a minimum scale to protect the collapse of 
the extra spaces. He use the one-loop Kaluza-Klein spectrum derived by Gomis, Mehen and 
Wise [13] to compute the one loop Casimir energy of an interacting scalar field in a compact 
noncommutative space of M^'*^ x Tg, where 1 + d dimensions are the ordinary fiat Minkowski 
space and the extra two dimensions are noncommutative torus with noncommutativity 9. 
The correction is found to contribute an attractive force and have a quantum instability. He 
therefore turns to investigate the case of vector field and find the repulsive force for d > 5. 

In the paper [11] we followed the method of [13] to evaluate the one-loop correction to 
the spectrum of Kaluza-Klein system for the 0^ model on M^''^ x {T^)^, where the extra 
dimensions are the L two-dimensional noncommutative tori . We evaluate the corrected 
Kaluza-Klein mass spectrum to compute the Casimir energy and found that, when L > 1 
the Casimir energy due to the noncommutativity could give repulsive force to stabilize the 
extra noncommutative tori in the cases of o? = 4n — 2, with n a positive integral. This 
therefore suggests a possible stabilization mechanism for a scenario in superstring theory, 
where some of the extra dimensions are noncommutative. 

The noncommutative fuzzy sphere, which can appear in the string/M theory [6-9], is 
known to correspond sphere D2-branes in string theory with background linear B-field [14]. 
It is found that, in the presence of constant RR three-form potential, the DO-branes can 
expand into a noncommutative fuzzy sphere configurations [15]. It also knows that the field 
theories on fuzzy sphere appear naturally from D-brane theory and matrix model with some 
backgrounds [16-19] 

In the ordinary matrix model one could not find the fuzzy sphere solutions. However, 
adding a Chern-Simons term to the matrix model will enable us to describe the noncom- 
mutative fuzzy sphere as a classical solution. Comparing the energy in the various classical 
solutions one can find that the separated DO-branes will expand into a largest noncommu- 
tative fuzzy sphere to achieve minimum energy [14,15]. 

In this paper we will study the Casimir effect on a spacetimes with an extra two- 
dimensional spaces of fuzzy sphere. Our initial motivation to investigate this problem is 
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coming from the following two simple observations. First, the presence of noncommutativity 
is known to be able to stabilize the size of the extra noncommutative, at least in some cases,. 
Second, the fuzzy sphere is known to be in the largest fuzzy sphere to achieve minimum 
energy, in which the radius of sphere has been fixed by the strength of the background linear 
B-field [14,15]. Therefore, it is natural to ask a question that when there exist a noncom- 
mutative fuzzy two spheres, as an extra space, could the vacuum fluctuation give rise the 
sufficient repulsive force to stabilize the commutative compact space? 

Following this motivation we therefore consider the quantized scalar field on the model 
spacetimes of Ai^z = x T'^ x Spz, where is the ordinary D dimensional flat 
Minkowski spacetimes , T'' is the d dimensional commutative torus, and Spz is a noncom- 
mutative fuzzy two sphere with a fixed quantized radius. 

In the next section, after review the appearance of the fuzzy sphere in the matrix model 
with a Chern-Simons term, we then quantize the scalar field on the fuzzy sphere and set up 
the Feynman rule. 

In section 111, we extend the works of Gomis, Mchcn and Wise [13] to evaluate the one- 
loop correction to the spectrum of Kaluza-Klein system for the 0"* model on the spacetimes 
of Aipz- section IV, the obtained spectrum is used to compute the Casimir energy and 
then we analyze the associated Casimir effect. We find that when D is an even integral and 
D > 4 then the Casimir energy could give repulsive force to stabilize the extra commutative 
torus a d — 2n, where n is a odd integral. 

Note that according to the brane- world scenario, our four-dimensional universe might be 
a three brane embedded in a higher dimensional spacetime, which are assumed to arise as the 
fluctuations of branes in string theories. Therefore, if an extra space is a noncommutative 
fuzzy sphere, which can appear in the string/M theory [6-9] , the Casimir energy evaluated in 
this paper could give sufficiently repulsive force to stabilize the extra commutative compact 
space. 

2 Quantized Theory on Fuzzy Sphere 
2.1 Fuzzy Sphere 

In the presence of the RR 4-form background the configuration of the N Dq can be describe 
by the action 

S = To Tr{^x' + ^[Xi,Xj][X„X,] - ^A^^ e,,fcX,[X,-, X,]) . (2.1) 

where Xi,i — 1, 2, 3 are N x N matrices and Tq = \/2n/gs is the zero-brane tension. The 
constant Ajv before the Chern-Simons term in the above equation is the constant RR 4-form 
potential in the DO- branes system [15]. The static equations of motion of the above equation 
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are 

Xj, ([^i^^j] ~ i^N ^ijk^k^ = 0, (2.2) 

and the associated energy is 

E = -ToTr(^^[X,,Xj][X,,Xj] - '-Xr^e^j^XiiXj, X^]^. (2.3) 

Eq.(2.2) admits commutating solutions and static fuzzy sphere solutions [14,15]. 

The commutating solutions are known to represent N DO branes and satisfy the relations 

[X,,Xj]^0, (2.4) 

which have the energy 

E^O. (2.5) 
The noncommutative static fuzzy sphere solutions satisfy the equations 

[Xi, Xj] = iX]s[eijkXk, (2.6) 

and can be described by the relations 

— XnJi, (2-7) 

Xl + Xl + Xl = (2.8) 

where Ji, J2, J3 define, say, the N dimensional irreducible representation of SU(2) and are 
labeled by the spin a — N/2. The noncommutativity parameter Aat is of dimension length, 
and can be taken positive. The radius rjv define in (2.8) is quantized in units of Aat by 



+ = (2.9) 



Ajv V 2 V 2 

Besides the above solution Xj may be a direct sum of several irreducible representation 
of SU(2). Such a configuration could also solve the equation of motion and is described by 



X, = A;v e^=i \ ^(2jV + l) = 7V. (2.10) 



rir) 

r=l 

The energy E of these static fuzzy sphere solutions is given by 



E = -ToA^ I X] MJr + 1)(2J. + 1). (2.11) 

t> r=l 

From the above relation it is clear that the ground state is the N-dimensional fuzzy sphere 

[15]. 

In summary, when the N Dq branes arc coupled to a constant RR 4-form potential, then 
the Dobrancs will blow up into a fuzzy 2-sphcrc. And, furthermore, the fuzzy 2-sphere will 
evolve into in the largest fuzzy sphere to achieve minimum energy [15,20]. It is important 
to note that the radius of sphere has been fixed by the strength of the background as shown 
in (2.9). 
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2.2 Quantized Scalar Field on Fuzzy Sphere 

We will consider the scalar field $ living on the spacetimes of M.p'z = M^xT'^xSfz, where 
is the ordinary D dimensional flat Minkowski spacetimes with coordinate x, T'^ is the 
d dimensional commutative tori with coordinate y and have same radius R for convenience. 

— * 

Spz is a noncommutative fuzzy two sphere with coordinate X and has a fixed quantized 
radius r^. The action we considered is described by the equation 



l$(n^ + + A + m')$ + 



(2.12) 



where = J2i and ^ = Yl,Ji ■ Note that a field on the spacetimes Ai^z is defined as 
an algebra Sj^ generated by Hermitian operators X = {Xi, X2, X^) which are described in 
the section 2.1. The integral of a function F G Sjf over the spacetimes Aipz is given by 

4 / d^S J d'yj^^ F = ^ / d^'x j d'y Tr[F(X)], (2.13) 
and the inner product can be defined by 

(Fi, F2) = jd'^xj d'yj^^ FIF2. (2.14) 
In this formula $ is a Hermitian field. To quantize it we can expand $ in terms of the modes, 

TTT^B E E «f (p. n)e^^-^'--y'^ , (2.15) 

-00 [271}^ . 

in which the Fourier coefficient af (p, n) are treated as the dynamical variables and YJ^ are 
the usual spherical harmonics. 

In the path integral quantization [21,22] we shall integrate all the possible configuration 
of aj^{p,n). Then the /c-points Green's functions can be computed by the relation 



(af/(pi,ni)---af;(p,,nfe)) = j[^^]e-5 ' (2-16) 



Note that the complete basis of functions on S% is given by the {N-\-lY spherical harmon- 
ics, Y";^, (L = 0, 1, N] —L < I < L) . They correspond to the usual spherical harmonics, 
however the angular momentum has an upper bound N here. This is a characteristic feature 
of fuzzy sphere. 

The propagator so obtained is 

= (af(p. S)afffi n)t) = + j ^(^ + i) ^ P-l^) 

in which af (p, n)^ = {—iya^i{—p, —n). We let tat = 1 and let be the Euclidean space 
thereafter. 
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The four-legs vertices so obtained is given by 



V4 = af^i • • • af; V,{L,, h;..-; L,, k), (2.18) 

where 



4! 47r 

Zi I2 I I \ I3 I4 —I I \ a a a \ \ a a a 



(2.19) 



Here the first bracket is the Wigner 3j-symbol and the curly bracket is the 6j-symbol of 
SU{2), in the standard mathematical normalization [23]. Note that to derive the above 
Feynman rule we have used the following "fusion" algebra [23] 



Y/Y/ = J ^(-i)2«+/+^+i^+y (2/ + i)(2J + l)(2ii' + 1) 



4^ K,k 



I J K \{ I J K 
i j —k I \ a a a 



yf , . (2.20) 



where the sum is over < K < N,—K < k < K, and a — N/2 . In next section, we will 
use the above formula to evaluate the one-loop correction to the spectrum and then used 
the mass-corrected term to compute the Casimir energy of the scalar field on the model 
spacetime in the section 4. 



3 Kaluza-Klein Spectrum 

Using the above Feynman rule the IP/ two point function at one loop is obtained by con- 
tracting 2 legs in (2.18) using the propagator in (2.17). The planar contribution so obtained 
is defined by contracting the neighboring legs: 



{^?Lar)ff - ^ISlL'SiM-^YI''- (3.1) 



I^^f^TT ^-£±1 (32) 

J (27r)^ Y :to ^ + {2T^n/Ry + J( J +l) + w?' ^ ' 

All 8 contributions are identical. Similarly by contracting non-neighboring legs, we find the 
non-planar contribution 



(r?.Una.)^'^' - {^\hv5lM-^Yl''''^ (3-3) 
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jNP ^ f d^'p -^^L+J+2a (2J + l)(2a + l) \ a a L) 

J (27r)^ hJ^o ^ + (27rn/i?)2 + J{J + 1) + \ a a J j 

Again the 4 possible contractions agree. 

To derive the above relations we have use the following identities of the 3j and 6j symbols, 
which can be found in [23] : The 3j symbols satisfy the orthogonality relation 

assuming that (J, L, K) form a triangle. The 6j symbols satisfy the orthogonality relation 
v-,^,, f A 5 iV 1 f A 5 AT 1 1 , 



AT 

and the following sum rule 



E(-ir-(2iv.:)M-M(;^--U(^';«|. (3.r, 



N 



C D P \ \ D C Q \ [ B D P 



assuming that {A, D, P) and {B, C, P) form a triangle. 

We now begin to evaluate and l'^^. After integrating the momenta p we can evaluate 
as follow. 

i^.^A 2J+1 



n ^ 

7- = .fr(i-^)EE 



2 i"i^o [(27rfi/i?)2 + J(J + l)+m2]'-^ 

J=0 n ) 



-^-r(i-^)E (2j+i)E 



= ttT r(l - ^)(A^2 ^ 2Ar) Z,(2 - D) (i?/27r)2-^ 

= 7r'-i (Ar2 + 2iV) r(^ + ^ - 1) Za{D + d - 2) {R/2'Kf-''. (3.8) 

There we have used the following approximation 

-l»Ar(Ar + l), -^»m^ (3.9) 

This means that we consider the case in which the torus radius is smaller then the values 
of 1/N{N + 1) and 1/m?. (Note that J < N .) This is a reasonable approximation as the 
torus will be stabilized, if it can, at small radius. (Note that we use the scale tn = 1-) The 
Epstein function Zd[s] used in the above equation is defined by [2] 

^4«]=E---E [nl + --- + nlrl\ (3.10) 
m Hi 
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and the reflection formula of the Epstein function [2] 



r(^) z,{s) = TT-'^/^ r(^) z,id - s), (3.11) 



has been used to obtain the final result in (3.8). 
In the same way we have the relation 



tNP 



D_ 

TT 2 



D ^ (-1)^+-^+2"(2J+1)(2q; + 1) \a a L 



r(i-^)EE 



nJ^a [(27rn/i?)2 + J(J + l)+m2]^-^ I a a J ] 

..fr(i-^,i; (-1)— (2..i)(2„ + i)E — M 

= 7r#r(l - |)(7V + 1)^ Z,(2 - D) {R/2nr-^ 

= TT^-i (TV + 1)2 r(:^ + ^ - 1) Z,(L> + d-2) (i?/27r)2-^ . (3.12) 



To obtain the above results we have used the formula [23] 

E(2J + l)(-l)^+^° I I I M=M2« + 1). 



(3.13) 



Collecting the above results the leading correction to the spectrum of Kaluza-Klein system 
is 

Eo = AR^-'^, (3.14) 

in which 

A = ^^'~H^N' + 6N+ l)r(^ + Za{D + d- 2) (l/27r)2-^. (3.15) 

The result is used in the next section to evaluate the Casimir energy to investigate the 
stability of the commutative torus due to the vacuum fluctuation in the model spacetimes 
which has an extra fuzzy space. 

Note that the fuzzy space we considered is the fuzzy two-sphere with a radius fixed by 
(2.9). The radius of fuzzy is only dependent on the strength of the background RR 4-form 
potential. It is important to mention that as we use the approximation ^ N{N + 1) in 
(3.9), we can not consider the hmit of A?" — > oo. Therefore our one-loop result could not be 
used to discuss the case of commutative sphere. 
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4 Casimir Energy 



Follow [1] we can evaluate the Casimir energy by summing up the energy lo of all the modes 



2 ^ (2^) , ,7=0 
1 r d^p f^dt.-in -t{p'+^+J{J+'^)+m''+AB?-A 



D+l 



in which wc have used the approximation (3.9). Note that to obtain the above result we first 
use the Schwinger's proper time t to handle the square root, then integrate the transverse 
momentum p by doing a Gaussian integral, and finally integrate the Schwinger's proper time 
by using the integral representation of Gamma function. 

Without the one-loop correction, i.e. A = 0, we have the result of tree level 

_ -1 1 D + ^.^^ (^\'^ 



in which 



40F (47r)^/2 ^ 2 ' ^ " R^+^ 

-0 = X^a-l. r(^^^) Z,[D + d + 1)]. (4.26) 



Here we have used the reflection formula of the Epstein function in (3.11). The above result 
presents the well-known property that the Casimir force will become infinity attractive at 
small radius and it will render the extra spaces in the Kaluza-Klein unified theory to be very 
small. 



9 



We now consider the one-loop correction to the spectrum, li D > 3 then AR^ ^ will 
become very large as i? <^ 1. In this case we can use the formula of large Q expansion [2] 



TT 



ni,...,nd 



+ 



Rj 



+ • • • + 



nd 
R 



-s/2 



Qd-s TDd s — r/ 

^l^n^) ii+o(i/Q)i. 



(4.3) 



to calculate (4.1). The Casimir energy can therefore be expressed as 

1 



u. 



one— loop ^1 ^(I3_ 



in which 



Ui 



^(f-l)(D+d+l)-d' 



-iV TT'^+^+i D + 1 D + d + 1 



(4.4a) 



(4.46) 



Using the one- loop Casimir energy we now begin to analyze the Casimir effect. Prom (4.4b) 
we see that if D and d satisfy the relations 



D = 2n, n G integral, 

d — 2n, n e odd integral. 
then ui is positive. Also, comparing (4.2a) with (4.4a) we see that if 



-l){D + d+l)-d> D + l, 



D>A. 



(4.5) 



(4.6) 



then at the small values of R the casimir energy Ugne-ioop will dominate over Utree- Thus the 
Casimir energy due to vacuum fluctuation in the our model spacetime, which has an extra 
fuzzy two sphere space, could give rise a repulsive force to stabilize the commutative torus. 
The stable radius of torus so obtained is 



R 



stable 



ui -l){D + d+l)-d 



Uo 



D + 1 



(■^-2)(D+d+l)-d 



(4.7) 



This is our final result. 
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5 Conclusions 



Let us make some comments to conclude this paper: 

(1) We have studied the Casimir effect on a Kaluza-Klein spacetime in which the higher di- 
mensions are commutative d tori and an extra two-dimension noncommutativc fuzzy sphere. 
We have used the function regularization method to evaluate the vacuum fluctuation in 
our model spacetime. When the radius of torus is small we can find the analyzed formula 
of the Casimir energy. From the result we have found the possibility of the stabilization of 
the torus in presence of the extra fuzzy space. This thus suggests a possible stabilization 
mechanism for a scenario in Kaluza-Klein theory, where some of the extra dimensions are 
commutative compact space and fuzzy sphere. 

(2) During our evaluation we have used the approximation of (3.9): ^ A^(A^ + 
1); W ^ ■ This means that the Casimir energy obtained in (4.2) and (4.4) only useful 
for the case in which the torus radius R is smaller then the values of 1/A^(A^ + 1) and 
Therefore the stable radius of torus obtained in (4.7) could be reliable on if RstaUe ^ 1- 
(Note that we have used the scale tat = 1 and, as shown in (2.9), tn is a quantized value 
which only depend on the N and strength of the background RR three-form. ) Under this 
approximation our result cannot be used to discuss the limit of — > oo in which the fuzzy 
sphere becomes a commutative sphere. 

(3) Note that when D or d is an odd number, then the divergence of F function in (4.4b) 
will lead the Casimir energy to be infinite. This may mean that our regularization method 
is broken down in these cases. The reason may be traced to the lack of a reflection formula 
to regularize (4.1). (Note that the reflection formula (3.1) has been used to regularize uq to 
obtain the finite result (4.2).) This problem is deserved to be investigated furthermore. 

(4) The Casimir effect is null in the supersymmetry system, as the contribution of boson 
field is just canceled by that of the fermion field . However, some mechanisms are proposed to 
break the supersymmetry to describe the physical phenomena. Thus the remaining Casimir 
effect may be used to render the compact space stable. An interesting mechanism to break 
the supersymmetry is the temperature effect, which is the scenario in the early epoch of 
the universe. Therefore it is useful to investigate the finite-temperature Casimir effect on 
our model spacetimes. It also remains to see the Casimir effect in the more general system 
including the Fermion and vector field in our model spacetimes. These investigations will be 
presented in elsewhere. 
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